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In this paper we investigate the cosmological dynamics of an up to cubic curvature correction
to General Relativity (GR) known as Cosmological Einsteinian Cubic Gravity (CECG), whose
vacuum spectrum consists of the graviton exclusively and its cosmology is well-posed as an initial
value problem. We are able to uncover the global asymptotic structure of the phase space of this
theory. It is revealed that an inflationary matter-dominated bigbang is the global past attractor
which means that inflation is the starting point of any physically meaningful cosmic history. Given
that higher order curvature corrections to GR are assumed to influence the cosmological dynamics at
early times – high energies/large curvature limit – the late-time inflation can not be a consequence
of the up to cubic order curvature modifications. We confirm this assumption by showing that
late-time acceleration of the expansion in the CECG model is possible only if add a cosmological
constant term.
I. INTRODUCTION
Higher curvature corrections to general relativity have
become popular at present time when we are looking for
a “compass” pointing to a right direction where to find
answers to the many unsolved puzzles of contemporary
physics. Higher-order corrections to GR are required by
the renormalization procedure to work [1–6]. General-
izations of general relativity are considered as gravita-
tional alternatives for unified description of the early-
time inflation with late-time cosmic acceleration in [7].
Among the modified theories considered are, the F (R)
and Horava-Lifshitz F (R) gravity, scalar-tensor theory,
string-inspired and Gauss-Bonnet theory, non-local grav-
ity, non-minimally coupled models, and power-counting
renormalizable covariant gravity. It was shown in that
reference that some versions of the mentioned theories
may be consistent with local tests and may provide qual-
itatively reasonable unified description of inflation with
a dark energy epoch.
The higher curvature modifications of GR are char-
acterized by the high complexity of their mathematical
structure. In this case only through given approxima-
tions one may retrieve some useful analytic information
on the cosmological dynamics. Otherwise one has to per-
form either a numeric investigation or one have to the ap-
ply the tools of the dynamical systems theory. By means
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of the dynamical systems tools one obtains very useful in-
formation on the asymptotic dynamics of the mentioned
cosmological models. The asymptotic dynamics is char-
acterized by: i) attractor solutions to which the system
evolves for a wide range of initial conditions, ii) saddle
equilibrium configurations that attract the phase space
orbits in one direction but repel them in another direc-
tion, iii) source critical points which may be pictured as
past attractors, or iv) limit cicles, among others.
Although the use of the dynamical systems is specially
useful when one deals with scalar-field cosmological mod-
els – see references [8–14] for a very small but repre-
sentative sample of related research – their usefulness
in other contexts has been explored as well [15–18]. In
[15] by means of a combined use of the type Ia super-
novae and H(z) data tests, together with the study of
the asymptotic properties in the equivalent phase space
the authors demonstrated that the bulk viscous matter-
dominated scenario is not a good model to explain the
accepted cosmological paradigm. Meanwhile, in [16] the
authors explored the whole phase space of the so called
Veneziano/QCD ghost dark energy models where the dy-
namics of the inner trapping horizon is ignored, and also
the more realistic models where the time-dependence of
the horizon was taken into consideration. In a similar
way, in [17] it was investigated to which extent non-
commutativity – a property of quantum nature – may
influence the cosmological dynamics at late times/large
scales. It was enough to explore the asymptotic proper-
ties of the corresponding cosmological model in the phase
space. The dynamical systems tools were also applied in
[18] to study the asymptotic properties of a cosmologi-
cal model based on a non-linear modification of General
Relativity in which the standard Einstein-Hilbert action
2is replaced by one of Dirac-Born-Infeld type containing
higher-order curvature terms.
In a recent paper [19] an up to cubic curvature cor-
rection to GR was proposed, with the following features:
(i) its vacuum spectrum consists of a transverse massless
graviton exclusively, just as in GR, (ii) it possesses well-
behaved black hole solutions which coincide with those
of Einstein cubic gravity (ECG) [20–22], (iii) its cosmol-
ogy is well-posed as an initial value problem and (iv) it
entails a geometric mechanism triggering an inflationary
period in the early universe (driven by radiation) with a
graceful exit to a late-time cosmology arbitrarily close to
ΛCDM.
In the present paper we shall look for the global asymp-
totic dynamics of the CECG model proposed in [19]. Our
aim is to correlate the generic solutions of the model with
past and future attractors as well as with saddle equilib-
rium configurations in some state space. This will give
a solid mathematical basis to several statements made
in [19]. It will be confirmed, in particular, that non-
standard matter-dominated inflationary Friedmann evo-
lution is the global past attractor of any phase space
orbits that represent viable cosmic histories. Unlike this,
our results will show that the statement that graceful exit
to a late-time ΛCDM cosmology in the CECG model is
a consequence of the proposed curvature modification of
GR, is incorrect. As a matter of fact it will be shown
that late-time de Sitter expansion in the CECG scenario
is possible only if add a cosmological constant term. A
similar study of the so called f(P ) cubic gravity have
been presented in [23].
We have organized the paper in the following way. In
section II we expose the basic elements of the CECG
model, including the cosmological equations of motion.
Then, in section III we trade the 2nd order cosmolog-
ical field equations by a set of autonomous ordinary
differential equations (ODE) on some phase space vari-
ables, which we identify with the dynamical system of
the model. In this section we find the critical points of
the resulting dynamical system and study their existence
and stability properties. In order to illustrate our study
with numeric computations a phase portrait of the model
is drawn. The particular case of the CECG model with-
out the cosmological constant is explored in section IV in
order to elucidate the role of the vacuum energy in the
global asymptotic dynamics. In section V we discuss on
the most important physical aspects resulting from the
dynamical systems investigation and in section VI brief
conclusions are given. Finally, in order for the paper to
be self-contained we have included an appendix section
A where we give very simplified exposition of the funda-
mentals of the dynamical systems theory which are useful
in most cosmological applications.
II. THE CECG MODEL
In [19] a cubic modification of Einstein’s GR was pro-
posed which generalizes the so called Einsteinian cubic
gravity (ECG) [20–22]. The proposed modification rests
on the following combination of cubic invariants: P−8C,
where
P = 12R ν σµ λ R τ ρν σ R µ λτ ρ +R νσµλ R τρνσ R µλτρ − 12RµλνσRµνRλσ + 8R λµ R νλ R µν ,
C = RµλνσRµλντRστ −
1
4
RRµλνσR
µλνσ − 2RµλνσRµνRλσ + 1
2
RRµνR
µν . (1)
The CECG is based on the following action:1
S =
1
2
∫
d4x
√
|g| [R− 2Λ + 2β (P − 8C) + 2Lm] , (2)
where Λ is the (non-negative) cosmological constant and
β is a non-negative free parameter and Lm = Lm(gµν , ψ)
is the Lagrangian of the matter degrees of freedom ψ.
1 In [24] it shown that the combination of cubic invariants defining
five-dimensional quasitopological gravity, when written in four
dimensions, reduce to the CECG. It is also introduced a quartic
version of the CECG and a combination of quintic invariants
with the properties of the mentioned theory. Meanwhile in [25]
it is shown how to construct invariants up to 8th order in the
curvature.
Usually, besides the two polarizations of the graviton,
there may exist two massive modes: a ghosty graviton
with mass mg and a scalar mode with mass ms. In the
present theory the massive modes decouple: mg → ∞,
ms →∞.
In terms of Friedmann-Robertson-Walker line-element
(flat spatial sections): ds2 = −dt2 + a2(t)δikdxidxk, the
cosmological equations of motion derived from (2) read
[19]:
3H2
(
1 + 16βH4
)
= ρm + Λ,
2H˙
(
1 + 48βH4
)
= −(pm + ρm), (3)
together with the continuity equation ρ˙m = −3H(ρm +
pm). In what follows, for simplicity, we assume the fol-
lowing equation of state for the matter fluid: pm =
3ωmρm, where the constant ωm is the equation of state
(EOS) parameter.
III. DYNAMICAL SYSTEM
We introduce the following bounded variables of some
phase space:
x ≡ 16βH
4
1 + 16βH4
, y ≡ Λ
3H2 + Λ
, (4)
where 0 ≤ x ≤ 1 and 0 ≤ y ≤ 1. The modified Friedmann
constraint – first equation in (3) – can be written in the
following way:
Ωm ≡ ρm
3H3
=
1− (2 − x)y
(1− x)(1 − y) , (5)
meanwhile,
H˙
H2
= −3(ωm + 1)(1− x)
2(1 + 2x)
Ωm
= −3(ωm + 1) [1− (2− x)y]
2(1 + 2x)(1 − y) . (6)
In terms of the phase space variables x, y, the second-
order cosmological equations (3) may be traded by the
following two-dimensional autonomous dynamical sys-
tem:
dx
dv
=
6(ωm + 1)x(1− x) [(2− x)y − 1]
1 + 2x
,
dy
dv
= −3(ωm + 1)y(1− y) [(2− x)y − 1]
1 + 2x
, (7)
where we have introduced the time variable v =
∫
(1 +
Λ/3H2)Hdt.
The phase space where to look for equilibrium con-
figurations of the dynamical system (7) is the following
region of the (x, y)-plane:
Ψ =
{
(x, y) : 0 ≤ x ≤ 1, 0 ≤ y ≤ 1
2− x
}
. (8)
The boundary
∂Ψ =
{
(x, y) : 0 ≤ x ≤ 1, y = 1
2− x
}
, (9)
separates the the physically meaningful region of the
phase space where Ωm ≥ 0, from the unphysical region
where Ωm < 0.
Another curve of physical interest is the one related
with the change of sign of the deceleration parameter:
q ≡ −1− H˙
H2
, (10)
i. e., the curve that follows from the condition q = 0,
y =
3(ωm + 1)− 2(1 + 2x)
3(ωm + 1)(2− x)− 2(1 + 2x) . (11)
A. Critical points and their properties
The critical points Pi : (xi, yi) of the dynamical sys-
tem (7) in the phase space Ψ, as well as their stability
properties, are listed and briefly discussed below.
1. Inflationary bigbang solution, P inflbb : (1, 0). The
eigenvalues of the linearization matrix evaluated at
this point are:
λ1 = ωm + 1, λ2 = 2(ωm + 1).
Hence, this is the source point (global past attrac-
tor) and is characterized by:
x = 1⇒ H4 ≫ 1
16β
, y = 0⇒ 3H2 ≫ Λ,
which leads to the following modified Friedmann
equation:
48βH6 = ρm. (12)
In this case Ωm is undefined while,
H˙
H2
= −1
2
(ωm + 1),
so that for the deceleration parameter (10) we get:
q = (ωm − 1)/2. Since for physically meaningful
matter 0 ≤ ωm ≤ 1 ⇒ −1/2 ≤ q ≤ 0, this means
that the critical point P inflbb is to be associated with
accelerated expansion. This is why we call it as
“inflationary bigbang” to differentiate it from stan-
dard bigbang.
2. Matter domination, Pmat : (0, 0). Given that the
eigenvalues of the linearization matrix at Pmat:
λ1 = −6(ωm + 1), λ2 = 3(ωm + 1),
are of different sign, this means that the matter-
dominated solution is a saddle critical point. At
this solution Ωm = 1 ⇒ 3H2 = ρm, and
H˙
H2
= −3
2
(ωm + 1)⇒ q = 3ωm + 1
2
.
4FIG. 1: Phase portrait of the dynamical system (7) for the radiation, ωm = 1/3 (left-hand panel) and for dust, ωm = 0 (right-
hand panel). The critical points of the dynamical system appear enclosed by the small circles, while the de Sitter attractor
manifold MdS (9), is represented by the dash-dot curve that joints the points (0, 1/2) and (1, 1). The physically meaningful
region of the phase space – properly Ψ in (8) – lies below this curve which coincides with the upper boundary ∂Ψ (black
solid curve). The gray orbits do not entail physically meaningful cosmic evolution. The dashed curve around the origin in the
bottom-left corner of the drawings (curve given by (11)) enclose the regions where decelerated expansion occurs.
3. de Sitter attractor manifold:
MdS :
(
x,
1
2− x
)
, 0 ≤ x ≤ 1.
For points in MdS we obtain the following eigen-
values of the corresponding linearization matrix:
λ1 = 0, λ2 = 3(ωm + 1)
(
x− 1
2− x
)
.
The vanishing eigenvalue is associated with an
eigenvector that is tangent to the manifold at each
point. The second eigenvalue is always a non-
positive quantity. This means that, as seen from
the FIG. 1, each one of the critical points in MdS
is a local attractor, i. e., the manifold itself is a
global attractor of orbits in Ψ. For each point in
the de Sitter attractor manifold, H˙ = 0, Ωm = 0
⇒ q = −1.
Notice that all of the three critical points above always
exist.
In FIG. 1 the phase portrait of the dynamical system
(7) is shown. The critical points P infbb and Pmat appear
enclosed by the small circles, while the de Sitter attractor
MdS is represented by the dash-dot curve which coincides
with the upper boundary ∂Ψ of the physically meaningful
phase space (black solid curve). The gray orbits that are
above the boundary do not entail any physically mean-
ingful cosmic evolution pattern. The thick dashed curve
encloses the region of the phase space Ψ (bottom-left
corner of the phase portrait) where the expansion of the
universe is decelerated. Hence, given that decelerated
expansion is required for the formation of the amount of
observed cosmic structure to happen, only those orbits
that go across the enclosed region represent viable cosmic
histories. These orbits cross the dashed curve – equation
(11) – twice and the corresponding cosmic histories show
two periods of accelerated expansion separated by a pe-
riod of decelerated expansion when the cosmic structure
forms.
IV. CECG MODEL WITHOUT THE
COSMOLOGICAL CONSTANT
Let us investigate the role of the cosmological constant
in the global asymptotic dynamics of the CECG model.
For this purpose we shall study the model with a mix of
two fluids: dust and radiation, and without the cosmo-
logical constant. In this case the cosmological equations
of the CECG model read:
3H2
(
1 + 16βH4
)
= ρd + ρr,
2H˙
(
1 + 48βH4
)
= −ρd − 4
3
ρr,
ρ˙d = −3Hρd, ρ˙r = −4Hρr, (13)
5where ρd and ρr represent the energy density of the dust
and of the radiation, respectively.
We shall trade the above system of 2nd order differ-
ential equations by a two-dimensional dynamical system.
For this purpose we choose the phase space coordinate x
defined in (4) and the new y-coordinate:
y =
Ωr
1 + Ωr
, Ωr ≡ ρr
3H2
. (14)
Then equations (13) are equivalent to the dynamical sys-
tem:
dx
dv
= −2x(1− x) [3− (2 + x)y]
1 + 2x
,
dy
dv
= −2y(1− y)
[
2− 2y − 3− (2 + x)y
2(1 + 2x)
]
, (15)
where we have introduced the following time variable
v =
∫
(1 + ρr/3H
2)Hdt, and in order to eliminate the
Ωd terms, we have used the following relationship:
Ωd =
1
1− x −
y
1− y . (16)
Other useful equations are:
H˙
H2
=
(x+ 2)y − 3
2(1 + 2x)(1− y) , (17)
and the equation that follows from requiring that the
deceleration parameter vanishes:
y =
4x− 1
3x
. (18)
This curve separates the region in the phase where the
expansion is accelerated from the region where it is de-
celerated.
A. Equilibrium states
The critical points Pi : (xi, yi) of the dynamical system
(15) are found in the physically meaningful phase space
(Ωd ≥ 0):
Ψ =
{
(x, y) : 0 ≤ x ≤ 1, 0 ≤ y ≤ 1
2− x
}
. (19)
Here we list the existing critical points and briefly com-
ment on their properties, including stability.
1. Inflationary radiation-dominated bigbang, P inflrad :
(1, 1). This solution is the global past attractor to
which every orbit of the phase space converges into
FIG. 2: Phase portrait of the dynamical system (15). The
critical points of the dynamical system appear enclosed by
the small circles. The physically meaningful phase space is
the region below the black solid curve (gray orbits do not
represent physically meaningful cosmological evolution). The
dashed curve encloses the region of the phase space where the
expansion is accelerated.
the past (this is confirmed numerically). In this
case the cosmic dynamics is governed by a modi-
fied Friedmann equation:
48βH6 = ρr ⇒ a(t) =
(
2
3
) 3
2
(
Mr
48β
) 1
4
t3/2,
where we have taken into account that ρr =Mra
−4
(Mr is a constant parameter) and we have arbitrar-
ily set to zero the integration constant.
2. Radiation-dominated Friedmann expansion solu-
tion, Prad : (0, 1/2). For this case the eigenval-
ues of the linearization matrix are: λ1 = 1/2 and
λ2 = −4, so that this is a saddle equilibrium point.
We have that the cosmic dynamics is governed by
the standard Friedmann equation: 3H2 = ρr.
3. Inflationary non-standard dust-dominated solu-
tion, P infldust : (1, 0). It is a saddle critical point since
the eigenvalues of the corresponding linearization
matrix: λ1 = 2 and λ = −3, are of opposite sign.
According to this solution the cosmic dynamics is
governed by the modified Friedmann equation:
48βH6 = ρd ⇒ a(t) = 1
4
(
Md
48β
) 1
3
t2,
where we have taken into account that ρd =
Mda
−3.
6FIG. 3: Types of cosmic evolution: (1) non-standard (in-
flationary) Friedmann radiation-dominated evolution – dash,
(2) non-standard (inflationary) dust-dominated expansion –
solid, (3) standard (decelerated) radiation-dominated expan-
sion – dash-dot, and (4) standard dust-dominated evolution
– dots.
4. Dust-dominated solution, Pdust : (0, 0). The eigen-
values of the linearization matrix: λ1 = −1, λ2 =
−6, are both negative quantities so that the dust-
dominated solution: 3H2 = ρd, is the global attrac-
tor.
In FIG. 2 a phase portrait of the dynamical system (15)
is drawn. The critical points are enclosed in the small
circles. The black solid curve divides the phase space
into a physically meaningful region (below the curve) –
properly the relevant phase space Ψ (19) – and a region
where the orbits do not represent physically meaningful
cosmic histories. The dashed curve encloses the region
where the expansion is accelerating.
As seen there are two types of cosmic evolution. To
the first type belong those orbits that after emerging
from the inflationary radiation-dominated past attractor
go close enough to the, also inflationary, non-standard
dust-dominated solution to finally end up at the global
attractor: the standard decelerated expansion matter-
dominated solution. The second type consists of or-
bits that, after emerging from the global past attractor,
go close enough to the standard decelerated expansion
radiation-dominated solution and then are attracted by
the standard matter-dominated solution (the global fu-
ture attractor). The first type of orbits leads to not as
well motivated kind of cosmic evolution as that in the sec-
ond type since there is not a period of standard radiation-
dominated decelerated expansion.
FIG. 4: The drawing of the Hubble rate H vs the scale fac-
tor a – according to (24) – is shown for the cases when the
cosmological constant Λ vanishes (solid curves) and when it
is a non-vanishing quantity (dash-doted curves). We consider
only expanding cosmology so that in (24) we take the positive
sign. The darker curves are for dust (ρd ∝ a
−3), while the
remaining ones are for radiation (ρr ∝ a
−4). It is seen that
for vanishing Λ = 0, as the expansion proceeds the Hubble
rate asymptotically vanishes, which means that the end point
of the expansion in this case is the static universe.
V. DISCUSSION
One of the most interesting consequences of the present
scenario is the existence of a matter-dominated infla-
tionary bigbang – critical point P inflbb : (1, 0) – which
is the global past attractor. Hence, all of the orbits
emerge from this unstable equilibrium inflationary state.
Given the modified Friedmann equation (12) and that
ρm = M a
−3(ωm+1), where M is a constant, it follows
that the scale factor evolves with the cosmic time in the
following fashion:
a(t) =
[(
ωm + 1
2
)2(
M
48β
) 1
3
] 1
ωm+1
t
2
ωm+1 , (20)
where we have arbitrarily set to zero the integration con-
stant. From (20) it follows that,
a¨
a
=
2(1− ωm)
(1 + ωm)2
t−2, H(t) =
2
ωm + 1
t−1. (21)
Our results confirm in rigorous mathematical terms the
conclusion of [19] that in the CECG scenario primordial
7inflation is a natural stage from which any plausible cos-
mic history – depicted by given orbits in the phase space
– starts. This is to be expected since higher-curvature
corrections, such as the cubic ones, are expected to mod-
ify the dynamics at early times, i. e., at very high en-
ergy/curvature. However, the conclusion in the men-
tioned reference that it is possible in this scenario to
obtain not only primordial inflation but also late time
acceleration in purely geometric terms, happens to be
wrong.
In section IV we have studied the CECG model with a
mix of two fluids: radiation and dust, and with vanishing
cosmological constant Λ = 0. It is confirmed that, as
stated in [19], the inflationary radiation-dominated stage
driven by non-standard Friedmann equation,
48βH6 = ρr,
is the global past attractor, i. e., it is the starting point of
any orbit in the phase space. However, the global future
attractor is the standard dust-dominated decelerated ex-
pansion driven by the Friedmann equation 3H2 = ρd.
This means that the late-time de Sitter solution in the
CECG model with non-vanishing cosmological constant
is due, precisely, to the non-vanishing Λ 6= 0, and is not
a curvature effect as stated in [19].
Let us to elucidate which was the loophole in the anal-
ysis in [19] that led to the incorrect conclusion. Their
analysis was based on the following equation (equation
(9) of [19]):
a¨
a
= H2 − (ωm + 1)ρm
2(1 + 48βH4)
, (22)
which is obtained by combining a¨/a = H2 + H˙ with
equations (3). From this equation it apparently follows
that there are two asymptotic stages where a¨/a ≈ H2
is a positive quantity, so that the expansion occurs at
an accelerated pace. This is true at early times, when-
ever H4 ≫ 1/48β and H4 ≫ ρm/β, as well as at late
times as long as the matter density dilutes with the ex-
pansion ρm → 0. These conclusions are unjustified since
the equation (22) is misleading. Actually, if substitute
H2 in (22) from (3), one gets:
a¨
a
=
ρm + Λ
3 (1 + 16βH4)
− (ωm + 1)ρm
2(1 + 48βH4)
. (23)
It is this equation, and not (22), the one that leads to cor-
rect analysis. It is seen from (23) that at early times/high
curvature, when H4 ≫ 1/48β,
a¨
a
≈ (1 − ωm)ρm + 2Λ
96βH4
,
so that a¨/a ≥ 0 and the expansion is accelerated. At
late times, when the density of matter has diluted enough
with the curse of the cosmic expansion: ρm ∝ a−3(ωm+1),
i. e., in the limit ρm → 0, from (23) it follows that:
a¨
a
→ Λ
3(1 + 16βH4)
,
so that the expansion is accelerated only for non-
vanishing Λ > 0. The same conclusion is obtained if
solve the algebraic Friedmann equation – first equation
in (3) – in terms of the Hubble rate:
H = ±
√√√√√√
(
2
√
3β α+
√
1 + 12βα2
)2/3
− 1
4
√
3β
(
2
√
3β α+
√
1 + 12βα2
)1/3 , (24)
where for simplicity of writing we have introduced the
notation: α ≡ ρm + Λ. It is seen from (24) that at
early times, i. e., in the formal limit when ρm → ∞
⇒ α≫ 1/√β, we get that
H = ± α
1/6
(4
√
3β)1/3
⇒ 48βH6 = α,
as it should be. Meanwhile, at late times, i. e., in the
formal limit ρm → 0 ⇒ α = Λ, the Hubble rate is non-
vanishing only if Λ 6= 0. Actually, if take Λ = 0, i. e.,
α = 0 in equation (24), it is obtained that H = 0 (static
universe). This is illustrated in FIG. 4 where the drawing
of the Hubble rate H vs the scale factor a, according to
(24), is shown for the cases when the cosmological con-
stant vanishes and when it is a non-vanishing quantity.
Summarizing: at late times accelerated expansion in
the CECG model is possible only if add a non-vanishing
cosmological constant. Late-time accelerated expansion
is not, in any way, a consequence of the higher curvature
modifications of the theory.
VI. CONCLUSION
In this paper we have put on solid mathematical
grounds the result of previous works [19, 25] that primor-
dial inflation is the natural starting point of any plausible
cosmic history within the framework of the CECG sce-
nario. We have done this on the basis of the dynamical
systems analysis of the CECG model. Dynamical sys-
tems offer a unique robust information on the generic
solutions of the cosmological equations of motion, i. e.,
those that are preferred by the differential equations ac-
cording to their structural stability properties.
In the same rigorous manner we have shown that the
late-time accelerated de Sitter expansion in the CECG
model is a result of considering a non-vanishing cosmo-
logical constant and is not related in any way to the ef-
fects of the higher curvature contribution ∝ P− 8C. Our
result is natural in the sense that the higher curvature
modifications of GR are supposed to have impact in the
high-energy, large curvature regime exclusively, i. e., at
early times in the cosmic evolution.
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Appendix A: Remarks on the dynamical systems
Here, for simplicity of the exposition, we consider a
2D phase space. The interplay between a cosmological
model and the corresponding phase space is possible due
to an existing one-to-one correspondence between exact
solutions of the cosmological field equations and points
in the phase space spanned by given variables x, y:
x = x(H, ρi), y = y(H, ρi).
When we replace the original field variables H , ρi, by
the phase space variables x, y, we have to keep in mind
that, at the same time, we trade the original set of non-
linear second order differential equations in respect to the
cosmological time t by a set of first order ODE-s:
x′ = f(x, y), y′ = g(x, y), (A1)
where the tilde denotes derivative with respect to certain
dimensionless “time” parameter τ .
The most important feature of the system of ODE (A1)
is that the functions f(x, y) and g(x, y) do not depend
explicitly on the time parameter. This is why (A1) is
called as an autonomous system of ODE. The image of
the integral curves of (A1) in the phase space are called
“orbits” of the dynamical system.
The critical points of the dynamical system (A1) Pi :
(xi; yi), i. e., the roots of the system of algebraic equa-
tions
f(x, y) = 0, g(x, y) = 0,
correspond to privileged or generic solutions of the orig-
inal system of cosmological equations. In order to judge
about their stability properties it is necessary first to lin-
earize (A1) around the hyperbolic equilibrium points,
where by an hyperbolic critical point Ph it is under-
stood that the real parts of all of the eigenvalues of
the linearization matrix around Ph are necessarily non-
vanishing. In particular, an hyperbolic point can not be
a center. In more technical words: an hyperbolic criti-
cal point is a fixed point that does not have any center
manifolds.
Linearising around a given hyperbolic equilibrium
point Pi amounts to consider small linear perturbations
x→ xi + δx(τ), y → yi + δy(τ).
These perturbations would obey the following system of
coupled ODE (here we use matrix notation):
δx′ = J(Pi) · δx, δx =
(
δx
δy
)
, J =
(
∂f
∂x
∂f
∂y
∂g
∂x
∂g
∂y
)
. (A2)
where J - the linearization or Jacobian matrix, is to be
evaluated at Pi. Thanks to the Hartman-Grobman theo-
rem [26, 27], which basically states that the behavior of a
dynamical system in the neighborhood of each hyperbolic
equilibrium point is qualitatively the same as the behav-
ior of its linearization, we can safely replace the study of
the dynamics of (A1) by the corresponding study of its
linearization (A2).
We assume that J can be diagonalized, i. e., JD =
M−1JM , where M is the diagonalization matrix and
JD =
(
λ1 0
0 λ2
)
,
is the diagonal matrix whose non vanishing components
are the eigenvalues of the Jacobian matrix J :
det |J − λU | = 0, U =
(
1 0
0 1
)
. (A3)
After diagonalization the coupled system of ODE (A2)
gets decoupled:
δx¯′ = JD · δx¯, δx¯ = M−1δx, (A4)
where we have to recall that to each equilibrium point it
corresponds a different matrix JD. The decoupled system
of ODE (A4) is easily integrated:
δx¯(τ) = δx¯(0) eλ1τ , δy¯(τ) = δy¯(0) eλ2τ .
Since the diagonal perturbations δx¯ and δy¯ are linear
combinations of the perturbations δx, δy:
δx¯ = c11δx+ c12δy, δy¯ = c21δx+ c22δy,
where the constants cij are the components of the matrix
M−1, then
δx(τ) = c¯11 e
λ1τ + c¯12 e
λ2τ ,
δy(τ) = c¯21 e
λ1τ + c¯22 e
λ2τ , (A5)
where
c¯11 =
c22δx¯(0)
c22c11 − c12c21 , c¯12 = −
c12δy¯(0)
c22c11 − c12c21 ,
c¯21 = − c21δx¯(0)
c22c11 − c12c21 , c¯22 =
c11δy¯(0)
c22c11 − c12c21 .
9As a matter of fact we do not need to compute the
coefficients c¯ij . Actually, the structure of the eigenvalues
λi is the only thing we need to judge about the stability
of given (hyperbolic) equilibrium points of (A1). If the
eigenvalues are complex numbers λ± = ν ± iω the per-
turbations (A5) do oscillations with frequency ω. If the
real part ν is positive the oscillations are enhanced, while
if ν < 0 the oscillations are damped. The case ν = 0 is
associated with a center – harmonic oscillations – and is
not frequently encountered in cosmological applications.
This latter kind of point in the phase space – eigenvalue
with vanishing real part – is called as non-hyperbolic crit-
ical point.
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